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Abstract: We generalize recent analysis of the dynamics of point particle in Horˇava-
Lifshitz background to the case of string probe when we replace the Hamiltonian constraint
of the Polyakov string with the constraint that breaks Lorentz invariance of target space-
time. Then we find corresponding Lagrangian and argue that the world-sheet theory is
invariant under foliation preserving diffeomorphism. Finally we discuss the Hamiltonian
dynamics and show that this is well defined on condition that the world-sheet lapse function
obeys the projectability condition.
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1. Introduction and Summary
Recently Petr Horˇava proposed new intriguing approach for the formulation of UV finite
quantum theory of gravity [1, 2, 3] 1. The basic idea of this theory is to modify the UV
behavior of the general theory so that the theory is perturbatively renormalizable. However
this modification is only possible on condition when we abandon Lorentz symmetry in the
high energy regime: in this context, the Lorentz symmetry is regarded as an approximate
symmetry observed only at low energy.
It is important to stress that there are two classes of Horˇava-Lifshitz theories. One
is the class of the projectable theories that are characterized by property that the lapse
function is restricted to depend on time only. The other one is the non-projectable class
where the lapse is allowed to depend on both space and time. Very nice discussion of
the consistency of the non-projectable Horˇava-Lifshitz theory was performed in [57] that
suggests inconsistency of given theory. For that reason it seems that the projectable version
of Horˇava-Lifshitz theory is the only consistent one.
The results derived during the analysis of Horˇava-Lifshitz gravities imply that it is an
interesting problem to study properties of theories with broken general covariance. One
such an interesting example of Lorentz breaking theory is the Hamiltonian formulation of
the point particle in Horˇava-Lifshitz theory that was recently analyzed in [72, 73, 74, 75,
76, 77]. The basic idea of this Lorentz breaking Hamiltonian formalism is that the time and
spatial components of momenta are treated differently with very interesting consequences
for the notion of causality and formation of black holes.
1This conjecture was then studied in several papers, see for example [4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14,
15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40, 41, 42, 43,
44, 45, 46, 47, 48, 76, 49, 50, 51, 52, 53, 54, 55, 56, 57, 58, 59, 60, 61, 62, 64, 65, 66, 63, 67, 68, 69, 70, 71].
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As the next logical step in this direction is to try to implement this approach for the
construction of extended objects, as for example string. The goal of this paper is to proceed
in this direction and construct new string theories that we call as Lorentz-breaking string
theories (LBS). Explicitly, we study properties of two dimensional gravity coupled to the
scalar field when the Hamiltonian constraint breaks the target space Lorentz invariance
and analyze its consequence for dynamics of given string. As opposite to the relativistic
case when the step from the point particle action to string action is straightforward in case
it turns out that in case of LBS there are several ways how to do it. We begin with the
Polyakov action and find its Hamiltonian formulation. Then we replace the Hamiltonian
constraint with its Lorentz breaking generalization. Since now the world-sheet modes
are spatial dependent we find more possibilities how to construct such a Hamiltonian
constraint as opposite to the case of the point particle in Horˇava-Lifshitz background. The
characteristic property of the classical Polyakov action is that the two dimensional gravity is
non dynamical. On the other hand we will argue that for the consistency of the LBS theory
it is necessary that the spatial component of the world-sheet metric becomes dynamical.
Further, we also show that the resulting world-sheet theory is not invariant under full
two dimensional diffeomorphism but only under the world-sheet foliation preserving one.
Finally, the consistency of the Hamiltonian dynamics of LBS theory again implies that the
world-sheet lapse has to obey the projectability condition which is similar result as in case
of Horˇava-Lifshitz gravity.
Let us conclude our results. We construct new form of string theories with broken
target space Lorentz invariance. We should however stress that these string theories have
to be considered as toy models for the study of the systems with breaking symmetries. For
example, since LBS theories are manifestly non-linear even in flat space-time it is not clear
how to formulate their quantum version. In fact, since it is not known whether Horˇava-
Lifshitz gravity can be formulated in the framework of string theory it is also questionable
how to formulate the action for string probe in given background. However despite of these
doubts we believe that the study of such system is interesting in its own and should be
extended in may ways. In particular, we would like to see how these LBS theories behave
under target space T-duality transformations. We would like also perform similar analysis
in case of higher dimensional extended systems, as Dp-branes. We hope to return to these
problems in future.
The organization of this paper is as follows. In the next section (2) we review the
Hamiltonian and Lagrangian formulation of the probe particle in Horˇava-Lifshitz back-
ground. Then in section (3) we study the string probe in given background and formulate
LBS theories. In section (4) we study their Hamiltonian formalism and calculate the alge-
bra of constraints.
2. Dynamics of point particle in Horˇava-Lifshitz gravity
In this section we review the Hamiltonian dynamics of the particle in Horˇava-Lifshitz
gravity. This section can be considered as the review and extension of analysis performed
in [72, 73, 74, 75, 76, 77].
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Let us consider space-time M labeled with coordinates t,x = (x1, . . . , xD) with the
metric in ADM form
g00 = −N2 +NihijNj , g0i = Ni , gij = hij , det g = −N2 deth (2.1)
with inverse
g00 = − 1
N2
, g0i =
N i
N
, gij = hij − N
iN j
N2
. (2.2)
Now we are ready to formulate the Hamiltonian description of point particle in the back-
ground with broken Lorenz invariance. This problem was studied in [72, 73, 74, 75, 76, 77]
where it was argued that Hamiltonian constraint should have the form
HT = − 1
N2
(pt −N ipi)2 + h(p2) ≈ 0 , p2 = pipjhij (2.3)
so that the Hamiltonian is given as
H = λ(t)HT , (2.4)
where λ(t) is the Lagrange multiplier that express the fact that the Hamiltonian is pro-
portional to the first class constraint (2.3). This form of Hamiltonian constraint reflects
the non-relativistic nature of the Horˇava-Lifshitz gravities where generally h(A) = An for
some positive n. In particular, the analysis of the dynamics of the probe particle that is
governed by this Hamiltonian brought many interesting results. For example, it was argued
that particles with such a form of the Hamiltonian does not feel the presence of the horizon
in the background of black hole 2.
Now we determine Lagrangian corresponding to the Hamiltonian (2.4). It is useful to
introduce two non-dynamical modes A,B together with their conjugate momenta PA, PB
and rewrite the Hamiltonian constraint in the form
HT = − 1
N2
(pt −N ipi)2 +B(p2 −A) + h(A) (2.5)
so that the Hamiltonian takes the form
H = λ(τ)HT + vAPA + vBPB , (2.6)
where vA, vB are Lagrange multipliers that ensure that PA, PB are primary constraints of
the theory
PA ≈ 0 , PB ≈ 0 . (2.7)
In fact, the consistency of these constraints with the time evolution of the system implies
two secondary constraints GA, GB . Explicitly
dPA
dτ
= {PA,H} = λ(τ)(B − h′(A)) = λ(τ)GA ≈ 0 , h′(A) ≡ dh(A)
dA
(2.8)
and
dPB
dτ
= {PB ,H} = −λ(τ)(p2 −A) = λ(τ)GB ≈ 0 . (2.9)
2For further details we recommend the original papers [72, 73, 74, 75, 76, 77].
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It can be shown that the collection of the constraints (PA, PB , GA, GB) form the set of the
second class constraints that can be explicitly solved as p2 = A and B = h′(A). Then
inserting these results into (2.5) we recovery the original Hamiltonian constraint (2.3).
Now with the help of the extended Hamiltonian it is easy to find the corresponding
Lagrangian since
dt
dτ
= {t,H} = − 2λ
N2
(pt −N ipi) ,
dxi
dτ
=
{
xi,H
}
=
2λN i
N2
(pt −N jpj) + 2λBhijpj ,
dA
dτ
= {A,H} = vA , dB
dτ
= {B,H} = vB .
(2.10)
Then it is easy to find corresponding Lagrangian
L = pM
dxM
dτ
+ PA
dA
dτ
+ PB
dB
dτ
−H =
= −N
2
4λ
(
dt
dτ
)2
+
1
4Bλ
V iV jhij + λBA− λh(A) ,
(2.11)
where
V i =
dxi
dτ
−N i dt
dτ
. (2.12)
As the final step we integrate out A,B from (2.11). Explicitly, the variation of (2.11) with
respect to A and B implies the equation of motion
B − h′(A) = 0 ,
− 1
4B2λ
V iV jhij +Aλ = 0 .
(2.13)
The first equation in (2.13) implies B = h′(A). Inserting this result into the second equation
in (2.13) we obtain an algebraic equation for A
− 1
4h′2(A)λ2
V iV jhij +A = 0 . (2.14)
For given function h(A) this equation can be solved for A
A = Ψ
(
1
4λ2
V iV jhij
)
. (2.15)
Then inserting (2.13), (2.14) and (2.15) into (2.11) we find the Lagrangian in the form
L = λ
[
−N
2
4λ2
(
dt
dτ
)2
+
2
h′
(
Ψ( 1
4λ2
V iV jhij)
) 1
4λ2
V iV jhij − h
(
Ψ
(
1
4λ2
V iV jhij
))]
.
(2.16)
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Now we show that the action S =
∫
dτL with L given in (2.16) is invariant under the
world-line diffeomorphism
τ ′ = τ ′(τ) . (2.17)
As the first step we postulate that λ(τ) transforms under (2.17) as
λ′(τ ′) = λ(τ)
dτ
dτ ′
(2.18)
so that dτλ(τ) is invariant under (2.17). Further we demand that t, xi behave as scalars
under (2.17)
t′(τ ′) = t(τ) , x′i(τ ′) = xi(τ) . (2.19)
Consequently we find
V ′i(τ ′) = V i(τ)
dτ
dτ ′
,
dt′(τ ′)
dτ ′
=
dt(τ)
dτ
dτ
dτ ′
. (2.20)
Using these results we immediately see that 1
λ2
V iV jhij and
1
λ2
(
dt
dτ
)2
are invariant under
(2.17). In summary we see that the action is invariant under (2.17).
We conclude this section we some examples of the function h = h(A). As the first one
we consider h = 1
2n
An. For this function the equation (2.14) has the solution
A =
(
1
λ2
V iV jhij
) 1
2n−1
(2.21)
and consequently the Lagrangian takes the form
L = λ
[
−N
2
4λ2
(
dt
dτ
)2
+ (1− 1
2n
)
(
1
λ2
V V jhij
) n
2n−1
]
. (2.22)
This is the Lagrangian studied in [72, 73, 74, 75, 76, 77].
As the second example we consider the function h =
√
1 +A. For this function the
equation (2.14) has the solution
A =
V iV jhij
λ2(1− 1
λ2
V iV jhij)
(2.23)
and consequently the Lagrangian takes the form
L = λ
[
−N
2
4λ2
(
dt
dτ
)2
−
√
1− 1
λ2
V iV jhij
]
. (2.24)
3. Lorentz Breaking String Theory
In this section we generalize the analysis presented in the previous section to the case of
string probe in Horˇava-Lifshitz background when we study properties of the string with
the new form of the Hamiltonian constraint that generalizes the point particle Hamiltonian
constraint studied in the previous section. In fact, since it is not know how or whether it is
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possible to formulate Horˇava-Lifshitz gravities in the framework of string theories we mean
that it is legitime to consider string probe in given background with Hamiltonian constraint
that breaks the Lorentz invariance of the target space-time which is the characteristic
property of Horˇava-Lifshitz background.
As in case of point particle LBS theory is defined using the Hamiltonian formalism
that is based on the Hamiltonian analysis of relativistic string. For that reason we now
review the Hamiltonian formulation of the Polyakov string action in general background.
3.1 Hamiltonian formulation of Polyakov Action
Let us consider the Polyakov action in general background
S = − 1
4πα′
∫
d2σ
√−γγαβgMN∂αxM∂βxN , (3.1)
where γαβ is a two-dimensional world-sheet metric and σ
α , α, β = 0, 1 , σ0 = τ , σ1 = σ
are world-sheet coordinates. Further, xM ,M,N = 0, . . . ,D are modes that parameterize
the embedding of the string into target space-time with the background metric gMN .
In order to formulate the Hamiltonian formalism from the action (3.1) it is convenient
to use 1 + 1 formalism for the world-sheet metric
γαβ =
(
−n2τ + 1ωn2σ nσ
nσ ω
)
, (3.2)
where nτ is world-sheet lapse, nσ is world-sheet shift and ω is spatial part of world-sheet
metric. Then it is easy to see that
det γ = −n2τω , γαβ =
(
− 1
n2τ
nσ
n2τ
nσ
n2τ
1
ω
− nσnσ
n2τ
)
, (3.3)
where we defined
nσ ≡ nσ
ω
. (3.4)
With this form of the world-sheet metric the action (3.1) takes the form
S =
1
4πα′
∫
d2σnτ
√
ω(gMN∇τxM∇τxN − 1
ω
gMN∂σx
M∂σx
N ) ,
(3.5)
where
∇τxM = 1
nτ
(∂τx
M − nσ∂σxM ) . (3.6)
We introduce the momenta πτ , πσ , πω conjugate to nτ , nσ and ω that have non-zero Poisson
brackets
{
nτ (σ), π
τ (σ′)
}
= δ(σ−σ′) , {nσ(σ), πσ(σ′)} = δ(σ−σ′) , {ω(σ), πω(σ′)} = δ(σ−σ′) .
(3.7)
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Since there are no time derivatives of world-sheet metric γ in (3.5) the conjugate momenta
are primary constraints of theory
πτ =
δS
δ∂τnτ
≈ 0 , πσ = δS
δ∂τnσ
≈ 0 , πω = δS
δ∂τω
≈ 0 . (3.8)
As the next step we introduce the momenta pM conjugate to x
M
pM =
δS
δ∂τxM
=
1
2πα′
√
ωgMN∇τxN (3.9)
with standard Poisson brackets
{
xM (σ), pN (σ
′)
}
= δMN δ(σ − σ′) . (3.10)
Then it is easy to find the Hamiltonian density
H = ∂τxNpM − L = nτHτ + nσHσ ,
(3.11)
where
HT = 1
4πα′
√
ω
(
(2πα′)2pMg
MNpN + ∂σx
MgMN∂σx
N
)
,
HS = ∂σxNpN .
(3.12)
Using the Hamiltonian (3.11) we easily determine the time evolution of the primary con-
straints as
∂τπτ = {πτ ,H} = −Hτ ,
∂τπω = {πω,H} = nτ
2ω
Hτ + 1
ω2
nσHσ ,
∂τπσ = {πσ,H} = −Hσ .
(3.13)
Since the constraints (3.8) have to be preserved during the time evolution of the system
the equations above imply an existence of the secondary constraints
Hτ ≈ 0 , Hσ ≈ 0 . (3.14)
The existence of these constraints will be the starting point for the construction of Lorentz
breaking string theories.
3.2 Lorentz Breaking String Action
The construction of Lorentz breaking string theories is based on the generalization of the
point particle analysis reviewed in the first section. Due to the fact that the world-sheet
modes depend on σ there are several possibilities how to do it. We consider the case when
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we presume that pt and t are functions of τ only and suggest following form of constraints
(3.12)
Hτ = − πα
′
N2
√
ω
(pt −N ipi)2 +
√
ωF
(
1
ω
[
πα′pih
ijpj +
1
4πα′
∂σx
i∂σx
jhij
])
,
Hσ = pi∂σxi ,
(3.15)
where F is an arbitrary function. Our goal is to study properties of string theory with this
form of the Hamiltonian constraint Hτ .
As the first step we find the Lagrangian formulation of given theory. Following analysis
performed in section (2) we introduce two non-dynamical fields A,B in order to rewrite
the Hamiltonian constraint into the form
Hτ = − πα
′
N2
√
ω
(pt −N ipi)2 +
+ B
(
1
ω
[
πα′pih
ijpj +
1
4πα′
∂σx
i∂σx
jhij
]
−A
)
+
√
ωF (A) + vAPA + vBPB ,
(3.16)
where vA, vB are Lagrange multipliers that ensure that the momenta PA, PB vanish. Then
from the Hamiltonian
H =
∫
dσ(nτHτ + nσHσ) , (3.17)
where Hτ and Hσ are given in (3.16) we derive following equations of motion for t, xi, A,B
∂τ t = {t,H} = − 2πα
′
N2
√
ω
nτ (pt −N ipi) ,
∂τx
i =
{
xi,H
}
= 2πα′
nτ√
ω
N i
N2
(pt −N jpj) + 2πα′nτ
ω
Bhijpj +
1
ω
nσ∂σx
i ,
∂τA = {A,H} = nτvA , ∂τB = {B,H} = nτvB .
(3.18)
Then it is easy to find corresponding Lagrangian density
L = ∂τx
MpM + ∂τAPA + ∂τBPB −H =
= −N
2
√
ωnτ
4πα′n2τ
(∂τ t)
2 +
nτω
4πα′
1
Bn2τ
V ihijV
j −
− nτB
(
1
4πα′ω
∂σx
i∂σx
jhij −A
)
− nτ
√
ωF (A) ,
(3.19)
where
V i ≡ ∂τxi + ∂τ tN i − nσ∂σxi .
(3.20)
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Finally we integrate out non-dynamical fields A and B by solving their equations of motion.
The equation of motion for A implies
B −√ωF ′(A) = 0 (3.21)
while the equation of motion for B gives
− 1
4πα′
ω
n2τB
2
V ihijV
j − nτ
(
1
4παω
∂σx
i∂σx
jhij −A
)
= 0 . (3.22)
For known F (A) these equations can be solved for A
A = Ψ
(
1
4πα′
1
n2τ
V ihijV
j,
1
4πα′ω
∂σx
i∂σx
jhij
)
. (3.23)
As a result we find that the Lagrangian density in the form
L = √ωnτ
[
− N
2
4πα′n2τ
(∂τ t)
2 +
1
2πα′
1
F ′(Ψ)n2τ
V ihijV
j − F (Ψ)
]
. (3.24)
Clearly this form of the Lagrangian is completely different from the Polyakov Lagrangian.
It is very interesting to study the consequence of the breaking of the target space covariance.
In particular we would like to identify symmetries of the Lagrangian density (3.24).
3.3 Symmetries of the action
In this section we study the symmetries of the action S =
∫
dτdσL where L is given in
(3.24). We begin with the discussion of the global symmetries of the action from the point
of view of the string world-sheet theory. These transformations correspond to the target
space foliation preserving diffeomorphism [2]
t′(τ) = t(τ) + f(t(τ)) ,
x′i(τ, σ) = xi(τ, σ) + ξi(t(τ), xi(τ, σ))
(3.25)
so that
∂τ t
′ = ∂τ t+ f˙∂τ t ,
∂τx
′i = ∂τx
i + ∂jξ
i∂τx
j + ξ˙i∂τ t ,
∂σx
′i = ∂σx
i + ∂jξ
i∂σx
j ,
(3.26)
where
F˙ =
dF
dt
, ∂iF =
∂F
∂xi
(3.27)
for any F . Note that under these transformations the metric components transform as
N ′i(t
′,x′) = Ni(t,x)−Ni(t,x)f˙(t)−Nj(t,x)∂iζj(t,x) − gij(t,x)ζ˙j(t,x) ,
N ′(t′) = N(t)−N(t)f˙(t) ,
g′ij(t
′,x′) = gij(t,x) − gil(t,x)∂jζ l(t,x) − ∂iζk(t,x)gkj(t,x) .
(3.28)
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Then it is easy to see that
N ′2(t′)(∂τ t
′)2 = N2(t)(∂τ t)
2 ,
(V ihijV
j)′ = V ihijV
j ,
(∂σx
ihij∂σx
j)′ = ∂σx
ihij∂σx
j ,
(3.29)
using also the fact that V i transforms under (3.25) as
V ′i = V i + ∂jξ
iV j .
(3.30)
Collecting all these results we find that the Lagrangian density (3.24) is invariant under
(3.25).
Let us now discuss the local symmetries of the action. We argue that this action
is invariant under world-sheet foliation preserving diffeomorphism that are generated by
infinitesimal transformations
δσ ≡ σ′ − σ = ζ(τ, σ) , δτ ≡ τ ′ − τ = f(τ) . (3.31)
In the same way as in [2] we find that the world-sheet metric components transform under
(3.31) as
n′σ(τ
′, σ′) = nσ(τ, σ) − nσ(τ, σ)∂σǫ(τ, σ) − ∂τf(τ)nσ(τ, σ)− ∂τ ǫ(τ, σ)ω(τ, σ) ,
n′τ (τ
′, σ′) = nτ (τ, σ) − nτ (τ, σ)∂τ f(τ) ,
ω′(τ ′, σ′) = ω(τ, σ)− 2∂σǫ(τ, σ)ω(τ, σ) ,
n′σ(τ ′, σ′) ≡ n
′
σ(τ
′, σ′)
ω′(τ ′, σ′)
= nσ(τ, σ) + nσ(τ, σ)∂σǫ(τ, σ)− nσ(τ, σ)∂τf(τ)− ∂τ ǫ(τ, σ) .
(3.32)
Then it is easy to see that
dτ ′dσ′n′τ
√
ω′ = dτdσnτ
√
ω .
(3.33)
Clearly, the world-sheet modes xM transform as scalars under (3.31)
x′M (τ ′, σ′) = xM(τ, σ) . (3.34)
Then we easily show that
1
n′2τ (τ ′)
(∂τ ′t
′(τ ′))2 =
1
n2τ (τ)
(∂τ t(τ))
2 (3.35)
and
(
1
n2τ
V ihijV
j)′(τ ′, σ′) =
1
n2τ
V ihijV
j(τ, σ)
(3.36)
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using the fact that
V ′i(τ ′, σ′) = V i(τ, σ)− V i(τ, σ)∂τ f(τ) .
(3.37)
In the same way we can show that
(
1
ω
∂σx
i∂σx
jhij)
′(τ ′, σ′) =
1
ω
∂σx
i∂σx
jhij(τ, σ) .
(3.38)
Again, collecting all these results we find that the action S =
∫
dτdσL with L given in
(3.24) is invariant under world-sheet foliation preserving diffeomorphism. In other words,
the Lorentz braking form of the Hamiltonian constraint is consistent with the world-sheet
theory where the full diffeomorphism invariance is reduced. It is important to stress that
at this moment we still presume the general dependence of nτ on τ and σ. In other words,
we formulate theory without projectability condition imposed. We discuss the problem of
projectability in the next section.
Now we give explicit examples of the function F . The first one is the polynomial func-
tion F = 1
n
An known from the point particle analysis in the Horˇava-Lifshitz background.
For this function B =
√
ωAn−1 and then the equation (3.22) leads to polynomial equation
for A where it is difficult to find their roots analytically. Clearly the resulting Lagrangian
density is very complicated and it is hardly to see how such a form of the Lagrangian could
be deduced from the first principles.
As the second example we consider the function F (A) =
√
1 +A. For this form of
the function it is possible to find solution (3.22). On the other hand this function does
not have a support from the study of the probe in Horˇava-Lifshitz gravity. Explicitly, the
equation (3.21) implies B = 1
2
√
1+A
√
ω and then the equation (3.22) has solution
A =
1
1− 4
4piα′
V ihijV j
n2τ
(
1
4πα′ω
∂σx
ihij∂σx
j +
4
4πα′
1
n2τ
V ihijV
j
)
.
(3.39)
Then it is easy to find the Lagrangian density in the form
L = √ωnτ
[
− N
2
4πα′n2τ
(∂τ t)
2 −
√
1
4πα′ω
∂σxi∂σxjhij +
1
πα′
1
n2τ
V ihijV j
√
1− 1
πα′
1
n2τ
V ihijV j
]
.
(3.40)
We conclude this section with the second example of the Lorentz breaking Hamiltonian
constraint
Hτ = − πα
′
N2
√
ω
(pt −N ipi)2 ++
√
ωF
(
1
ω
πα′pih
ijpj
)
+
√
ωG
(
1
4πα′ω
∂σx
ihij∂σx
j
)
,
(3.41)
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where F and G are arbitrary functions. Then, following the same analysis as above we find
the Lagrangian density in the form
L = nτ
√
ω
[
− N
2
4πα′n2τ
(∂τ t)
2 +
1
2πα′
1
F ′(Ψ)n2τ
V ihijV
j −G
(
1
4πα′ω
∂σx
i∂σx
jhij
)
− F (Ψ)
]
.
(3.42)
Clearly this Lagrangian density is invariant under the same set of symmetries as (3.24)
and hence can be considered as another example of Lorentz breaking string theory. Note
that for this form of the Hamiltonian constraint it is possible to find explicit form of the
Lagrangian density even in case of the function F = 1
n
An. In fact, it is to see that A is
equal to
A =
(
n
4πα′
V ihijV
j
n2τ
) 1
2n−1
(3.43)
and consequently the Lagrangian density takes the form
L = nτ
√
ω
[
− N
2
4πα′n2τ
(∂τ t)
2 + n
1−n
2n−1
(
1
4πα′n2τ
V ihijV
j
) n
2n−1
−G
(
1
4πα′ω
∂σx
i∂σx
jhij
)]
.
(3.44)
This Lagrangian density takes similar form as the particle Lagrangian studied in the second
section. In other words, the extension of the Lorentz breaking Hamiltonian constraint
from the point particle to string is not unique that should be compared with relatively
straightforward step from relativistic particle to relativistic string.
4. Hamiltonian Formalism of Non-Relativistic String Theory Revised
In the previous section we found new class of non-relativistic string theories when we pre-
sumed Hamiltonian constraint that breaks Lorentz invariance of the target space. However
it is important to stress that it is not possible to change the Hamiltonian constraint freely
without further checking of the consistency of given theory. In fact, let us again consider
the Hamiltonian constraint
Hτ = − πα
′
N2
√
ω
(pt −N ipi)2 +
√
ωF
(
1
ω
[
πα′pih
ijpj +
1
4πα′
∂σx
i∂σx
jhij
])
.
(4.1)
As follows from (4.1) the Hamiltonian constraint depends on ω in non-trivial way. However
this fact suggests that it is not useful to impose the primary constraint πω ≈ 0 since then
the requirement of the consistency of this constraint with the time evolution of the system
implies additional constraints. Then in order to avoid imposing additional constraint on
the system we demand that ω is a dynamical mode with kinetic term in the action. The
simplest possibility is to add to the string action following kinetic term
SKω =
1
2
∫
dτdσnτ
√
ωKσ
1
ω2
Kσ , (4.2)
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where
Kσ =
1
nτ
(∂τω − 2∇σnσ) ,
∇nσ = ∂σnσ − Γnσ , Γ = 1
2ω
∂σω .
(4.3)
Note that Γ transforms under the world-sheet foliation preserving diffeomorphism (3.31)
as
Γ′(τ ′, σ′) = Γ(τ, σ)− Γ(τ, σ)∂σǫ(τ, σ) − ∂2σǫ(τ, σ)
(4.4)
so that ∇σnσ transforms as
(∇σnσ)′ = ∇σnσ − 2∇σnσ∂σǫ−∇σnσ∂τf − ∂σ∂τ ǫω − 1
2
∂τ ǫ∂σω .
(4.5)
Then after some algebra we find that Kσ transforms as
K ′σ(τ
′, σ′) = Kσ(τ, σ) − 2Kσ(τ, σ)∂σǫ(τ, σ) .
(4.6)
This result implies that SKω is manifestly invariant under (3.31). We should also stress
that this choice of the kinetic term is the minimal one. For example, we could in principle
include the term 1
ω2
K2σ into the factor of the function F . For simplicity we consider the
first option and we find
πω =
δSKω
∂τω
=
√
ωnτ
1
ω2nτ
Kσ . (4.7)
Then it is easy to see that the total Hamiltonian takes the form
H = nτHτ + nσHσ + λτπτ + λσπσ , (4.8)
where
Hτ = − πα
′
N2
√
ω
(pt −N ipi)2 + 1
2
√
ω
πωω2πω +
+
√
ωF
(
1
ω
[
πα′pih
ijpj +
1
4πα′
∂σx
i∂σx
jhij
])
,
Hσ = pi∂σxi − 2ω∇σπσ .
(4.9)
In other words, the LBS theory is characterized by two primary constraints πτ ≈ 0 , πσ ≈ 0
together with two secondary ones Hτ ≈ 0 ,Hσ ≈ 0 where we still presume that nτ depends
on τ and σ.
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As the next step in the analysis of the consistency of given theory we calculate the
algebra of constraints and we demand that it is closed. Alternatively, we should check that
the consistency of these constraints with the time evolution of the system either does not
impose additional constraints on the theory or they are not the second class constraints
which would signal the pathological behavior of given theory [57].
In order to calculate the algebra of constraints we introduce their smeared form
TS(ξ) =
∫
dσξ(τ, σ)Hσ , TT (f) =
∫
dσf(τ, σ)Hτ .
(4.10)
Then using the canonical Poisson brackets{
xM (σ), pN (σ
′)
}
= δMN δ(σ − σ′) ,
{
ω(σ), πω(σ′)
}
= δ(σ − σ′) (4.11)
we find
{TS(ξ), ω(σ)} = −ξ(σ)∂σω(ξ)− 2∂σξ(σ)ω(σ) ,
{TS(ξ), πω(σ)} = ∂σξ(σ)πω(σ)− ∂σπω(σ)ξ(σ)
{TS(ξ), pi(σ)} = −∂σξ(σ)pi(σ)− ξ(σ)∂σpi(σ) ,{
TS(ξ), x
i(σ)
}
= −∂σxi(σ)ξ(σ) .
(4.12)
Then we easily determine
{TS(ξ),Hσ(σ)} = −2∂σξ(σ)Hσ(σ)− ξ(σ)∂σHσ(σ)
(4.13)
and consequently
{TS(ξ),TS(η)} =
∫
dσ(ξ∂ση − ∂σξη)Hσ(σ) = TS(ξ∂ση − ∂σξη) .
(4.14)
As the next step we determine the Poisson bracket {TS(ξ),TT (n)}. Firstly, using (4.12)
we find that
{TS(ξ),Hτ (σ)} = −∂σξ(σ)Hτ (σ) − ξ(σ)∂σHτ (σ) (4.15)
so that
{TS(ξ),TT (n)} = −
∫
dσn(σ)(∂σξHτ + ξ∂σHτ ) = TT (ξ∂σn) .
(4.16)
As the final step we calculate the Poisson bracket {TT (f),TT (g)} where we expect, with
analogy with calculation of Poisson bracket of Hamiltonian constraints in Horˇava-Lifshitz
gravity the problem with its closure. In fact, after some algebra we find following result
– 14 –
{TT (f),TT (g)} =
=
∫
dσ(f∂σg − ∂σfg)
(
2πα′
N2ω
F ′(pt −Nkpk)N ihij∂σxj + 1
ω
F ′2(. . .)pi∂σx
i
)
.
(4.17)
This result shows that the algebra of constraints TT is not closed. Then as in case of
Horˇava-Lifshitz gravity we see that the algebra closes when we impose the projectability
condition on the lapse function nτ
nτ = n(τ) . (4.18)
Then it is easy to see that the algebra of constraints of LBS theory is closed and takes the
form
{TS(ξ),TS(η)} = TS(ξ∂ση − ∂σξη) .
{TS(ξ),TT (f)} = 0 ,
{TT (g),TT (g)} = 0 ,
(4.19)
where TT (f) is defined
TT = f(τ)
∫
dσHτ (σ) . (4.20)
Let us now summarize consequences of the breaking of Lorentz invariance of the target
space-time for the construction of the string action in given background. As the first one
we have to demand that the spatial part of the world-sheet metric is dynamical. Secondly,
the full world-sheet diffeomorphism is replaced with the world-sheet foliation preserving
diffeomorphism. Finally, the requirement of the consistent Hamiltonian treatment of the
LBS theory implies the necessity of the projectability condition on the lapse function.
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